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In this paper the asymptotic behavior of the differential equation, 
ur, = f1(t) u’ + fs(t) u + h(t, u, u’) ’ Ez g ) (1) 
is studied as t -+ co. We shall prove that if certain conditions are imposed on 
h, there is a solution of (1) satisfying any given initial conditions which tends 
to a solution of the linear differential equation, 
z” = fl(4 x’ + fdt) % (2) 
for which we assume that the general solution is known. We shall also prove 
that if the solutions of (2) are in Bp(O, co), 1 <p < co, so are the solutions 
of (1) for an h properly chosen. 
DEFINITION. Let G be the set of all real functions w(x) which are con- 
tinuous and monotone increasing for x E [0, co) and for ua > 0. 
We shall have occasions to use a lemma of Bihari [l] which is considered to be 
a generalization of the well-known Bellman’s Lemma [2]. 
LEMMA. Let the functions F(x) and Y(x) be continuous, F(x) >, 0 for all 
x,, < x < 0~) and K > 0. If w E G, then the inequality, 
Y(x) < K + j-* W) +‘(t)) dt x,~x<co, (3) 
5 
implies 
Y(x) S Q-l (Q(K) + flF(t) dt) . 
309 
(4) 
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ASSUMPTION 1. Let us assume that if 1 u(t)1 < t(t) X and 1 u’(t)] < 7(t) X, 
then there exists a continuous function g of t and a continuous monotone 
increasing function w of X, w E G, such that 
I &, u(t), u’(t))l < g(t) 4x>* (5) 
We shall now prove the following theorem: 
THEOREM 1. Let q(t) and x2(t) be independent solutions of (2), let 
6%) = max(l &)I 9 I 40) (6) 
and 
7(t) = max(I 3’P)l , I za’(t)l) (7) 
and Zetg(t) and w(X) b e as de$ned in Assumption 1. If W(t) = z,‘x, - z,z,’ > 0 
is the Wronshian and if [g(t) [(t)]/W(t) E 9(0, co), then for every pair of 
numbers (u,, , u,,‘) there is a solution of (1) which can be written in the form, 
u(t) = 44 dt) + B(t) dt) (8) 
satisfying the initial conditions u(0) = u,, and u’(0) = u,,’ with lim,,, A(t) = a 
and lim,,, B(t) = b. 
Proof. Let us assume that u(t) is a solution of (1) and is written in the 
form (8). We shall require that 
Az, + Bz, = 0 (9) 
Then, if (8) is differentiated, we get u’ = Ax,’ + Bzs’ and 
u” = A’zl’ + B’z,’ + Ax; + Bz; 
Since x1 and .zs are solutions of (2) an d u is a solution of (l), the last equation 
reduces to 
A’x,’ + B’zz‘ = h. (10) 
Equations (9) and (10) result in 
A’ = g and (11) 
If (11) is integrated from 0 to t > 0, we get 
and 
A(t) = A(0) + j: +$ h(7, Az, + Bz, , Azl’ + Bxpl) d7 
B(t) = B(0) - 1; # h(T, Az, + Bz, , Aq’ + Bx,‘) dr 
(12) 
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If we add the above two equations and note that by Assumption 1 
we get 
I WI + I W)l d I N9I + I B(O)I + 2 pq# w(l A(T)1 + l B(T)l) dr 
(13) 
in which A(0) and B(0) are arbitrary. Employing Bihari’s Lemma, we obtain 
I A(t)I + I qq < i-2-l @(I wy + I W)I) + 2 p# dT) (14) 
which proves the boundedness of A and B. 
As it was stated before A(0) and B(0) are arbitrary constants, and hence can 
be selected as solutions of the system 
and 
A(0) q’(O) + B(0) z;(O) = u,,‘. 
Since A(t) and B(t) are bounded, (12) implies that the limits of A(t) and B(t) 
exist as t approaches infinity. This completes the proof. 
EXAMPLE. Consider the differential equation, 
U” + 2u’ + u = g(t) 1 uu’ p. 
Then W(t) = e-2t and t(t) = q(t) = (1 + t) e-t, and we have 
g(t) I uu’ V2 d g(t) (1 + t) e-Y1 A I + I B I) 
Therefore, the conclusions of Theorem 1 hold if g(t) (1 + t) et E 9(0, a). 
THEOREM 2. If in addition to the assumptions of Theorem 1 we assume that 
z, and z, are in Zp(O, co), 1 < p < a, and ;fg(t)/W(t) E 9(0, co) where q 
is the conjugate exponent of p, then the solution u(t) de$ned by (8) is also in 
oLp”(O, 00). 
Proof. Employing (12), the solution u(t) can be written in the form, 
u(t) = A(0) q(t) + B(0) x2(t) + q(t) 1: $$ dT - x2(t) 1: $ dT. 
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Therefore, 
+ (I B(O)1 + j: ’ %;’ ’ dT) I x&)1 . 
(15) 
Employing Assumption 1 and the fact that since 1 A j + 1 B 1 is bounded, we 
have w(] A 1 + 1 B I) < C, we get 
I u I < (I 4O)l + C j; j$ I ~2 I d7) I ~1 I 
(16) 
+ (I WI + C j: $ I 31 I dT) I ~2 I - 
If we now employ Holder’s inequality, we have 
where Kl and K2 are two positive constants given by 
and 
Since the function tp, p >, 1 is convex, we have 
(17) 
(18) 
(19) 
Therefore, 
1 u Ip < 2p-1Kl 1 z, Ip + 2”-lK, 1 z, 1~. (20) 
If we now integrate from 0 to co, we get j/ u &, ,< const. For the case p = CO, 
(17) implies u E gm(O, co). This completes the proof. 
Theorem 1 contains previously known results of Trench [3] for the case 
where h(t, u, u’) = g(t) u. It should also be mentioned that these results are 
in turn generalizations of Bellman’s result [2, p. 1121 and the results of Fubini 
[4] and Sansone [5]. 
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